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PHASE AND GROUP REFRACTIVE INDICES FROM THE 

COLLISIONLESS MAGNETOIONIC W O R Y  

By Lawrence Colin and Kwok-Long Chan 
Ames Research Center 

and 

Jack G .  K. Lee  
Informatics, Inc.  

Palo Alto,  Cal i fornia  

SUMMARY 

Graphs of phase and group r e f r ac t ive  indices  computed f rom the  co l l i s ion-  
l e s s  magnetoionic theory a r e  presented. 
t h e  e n t i r e  range of e lec t ron  concentration and t h e  i n t e n s i t y  of t he  e a r t h ' s  
magnetic f i e l d  t o  be encountered by operational topside ionospheric sounders 
i n  t h e  In te rna t iona l  S a t e l l i t e s  f o r  Ionospheric Studies (ISIS) series 
(Alouette I, Explorer XX, Alouette 11, ISIS-A, ISIS-B). 

The indices  are computed f o r  both 

INTRODUCTION 

Swept high-frequency radar  soundings of t h e  e a r t h ' s  ionospheric plasma 
have been performed rout ine ly  and bottomside ionograms co l lec ted  f o r  over 
40 years by more than 100 ground-based s ta t ions .  
from sounders on board t h e  ear th-orbi t ing s a t e l l i t e s  Alouette I and 
Alouette I1 have been co l lec ted  s ince 1962. 
electromagnetic waves i n  an ionized medium ( i . e . ,  the magnetoionic theory)  i s  
w e l l  documented and general ly  accepted ( re fs .  1 and 2 ) .  
a f f ec t ing  t h e  propagating waves are t h e  phase and group r e f r ac t ive  indices  
which, i n  t u r n ,  def ine the  wave phase and group ve loc i t i e s  r e l a t i v e  t o  t h e  
v e l o c i t y  of l i g h t  i n  f r e e  space. These indices a re  functions of t h e  radar  
wave frequency, t h e  l o c a l  ionospheric e lec t ron  concentration, t h e  e a r t h ' s  mag- 
n e t i c  f i e l d  in t ens i ty ,  t h e  angle between the  d i r ec t ions  of t he  wave normal and 
magnetic f i e l d ,  and the p a r t i c l e  co l l i s ion  frequencies.  Computations of 
phase and group r e f r ac t ive  indices  appropriate t o  the  ionosphere below the  
F2 
i c a l  l o c a t i o n s ,  have been published (refs. 3-5) . The ear th-orbi t ing radar  
sounder has made it necessary t o  consider these indices  at subs t an t i a l ly  a l l  
geographic longi tudes and l a t i t u d e s  a t  heights from 300 t o  3000 km. 
t h i s  range t h e  c o l l i s i o n l e s s  magnetoionic theory i s  appl icable .  It i s  t h e  
purpose of t h i s  repor t  t o  present graphs of t h e  indices appropriate  t o  t h e  
e n t i r e  range of e lec t ron  concentration observable during a sunspot cycle 
throughout t h e  above geographical region. 
t h e  reduct ion  of topside sounder da ta  a r e  reviewed by Jackson ( r e f .  6 ) .  

Topside ionograms obtained 

The theory of propagation of 

The key parameters 

layer peak, f o r  r e s t r i c t e d  ionospheric models and for p a r t i c u l a r  geograph- 

Within 

Applications of these  results t o  
The 



r e s u l t s  are a l s o  applicable t o  other types of experiments involving propaga- 
t i o n  of  electromagnetic energy through cold magnetoionic plasmas. 

REFRACTIVE INDICES 

The phase and group r e f r a c t i v e  indices a r e  defined by 

P = c/vp 

p' = c/vg = p + f(a, /af)  

where 

F phase r e f r a c t i v e  index 

p l  group r e f r a c t i v e  index 

phase ve loc i ty  

v group ve loc i ty  

P 

g 

V 

C veloci ty  of l i g h t  i n  f r e e  space 

f electromagnetic wave frequency 

The c o l l i s i o n l e s s  phase r e f r a c t i v e  index is given by the  Appleton-Hartree 
equation of the  magnetoionic theory ( ref .  1): 

I/ 2 

X 

2 ( 1  - x) 

where 

X = fn2/f2 = N/12,400f2 

N electron concentration, electrons/cm3 

f electromagnetic wave frequency, Mc/s 

f n 

and 

plasma frequency, Mc/s 

( 3 )  

2 



B magnetic induction, gauss 

fh  e lec t ron  gyrofrequency, MC/S 

e angle between the  d i r ec t ions  of t he  wave normal and e a r t h ' s  magnetic 
f i e l d  

It can be seen t h a t  two modes of  propagation are possible  i n  a magnetoionic 
medium, t h e  ordinary mode (with t h e  plus  sign) and the  extraordinary mode 
(with t h e  minus s i g n ) .  These are usua l ly  denoted w i t h  appropriate subscr ip ts  
x and 0 .  For c l a r i t y  the  ordinary and extraordinary phase r e f r ac t ive  indices  
may be wri t ten:  

~ 1/2 

(4) 
I J . O = @ - 8  

px = (1 - 3='* 
where 

y2 sin2 e YR 

2 ( 1  - x) s o = l -  + 
2(1 - x) 

YR s x = l -  y2 sin2 e - 
2(1 - x) 2(1 - x) 

( 5 )  

( 7 )  

(8 ) 
4 1/2 

R = [y2  s i n  e + 4 cos2 e ( i  - x ) ~ ]  

Applying equation (2)  t o  equations (4)  through (8) y ie lds  t h e  ordinary 
and extraordinary group r e f r ac t ive  indices:  

(9) ' -  -'(I- xy(i - X ) C O S ~  e 
PO So2(Y sin2 8 + R) IJ.0 

These equations s implify considerably for the spec ia l  cases of longi tudina l  
propagation (0 = 0') and t ransverse propagation (e = 90'): 

3 



(a) longi tudina l  propagation 

- L1 - 2(1 " I  + Y)2  

1 

Po - - 
IJ.0 

p : = l b +  PX 2(1 " I  - 

(b )  t ransverse propagation 

1/ 2 
Po = (1 - x) 

= [I - 1 x(l - x) 
1 - x - f  

(14) 

GRAPHS OF p AND p '  

The va r i a t ion  of p2 with X f o r  a given value of Y i s  compactly 
The i l l u s t r a t e d  i n  f igure  l(a) f o r  

v e r t i c a l  cross-hatching bounded by t h e  s o l i d  curves represents  t h e  computa- 
t i o n  of po2 from equation (4) while t h e  hor izonta l  cross-hatching bounded 
by t h e  dotted curves represents  t he  computation of from equation ( 5 ) .  
The longi tudinal  and t ransverse limits are l abe l l ed  L and T ,  respec t ive ly ,  
and a r e  computed from equations (ll), (12), (Yj), and (16) .  The spec i f i c  
case of Y = 3 ,  
0 = 130 i s  p lo t ted  i n  f igu re  l ( b ) .  

Y < 1 and i n  f igu re  l ( b )  f o r  Y > 1. 

px2 

Y = 1/2, 0 = 45' i s  p lo t t ed  i n  f i g u r e  l ( a )  and t h e  case of 

For 
X 5 1) and two branches f o r  t h e  ex t raord inary  mode (0 5 X 

Y < 1 ( f i g .  l ( a )  ) t he re  a r e  one branch fo r  t h e  ordinary mode 
(0 
(1 - y 2 ) / ( i  - y2  COS^ e) s x s 1 + Y ) .  
ordinary mode i s  r e fe r r ed  t o  as t h e  Z mode. For Y > 1 ( f i g .  l ( b ) )  the 
ordinary mode has two branches (0 s X s 1 and (1 - y 2 ) / ( 1  - y2 cos2 0 )  S X; 
t he  l a t t e r  branch i s  ca l led  t h e  wh i s t l e r  mode and e x i s t s  only when 
Y2 COS2 8 > 1) while t h e  extraordinary mode has only one branch, the 

1 - Y and 
The l a t t e r  branch of t h e  ex t ra -  

Z mode 

4 



. branch (0 X 5 1 + Y) The ordinary,  extraordinary,  and Z modes are 
I 
I Zeros occur i n  p a t  X = 1 (ordinary mode) , X = 1 - Y (extraordinary 

observed as d i s t i n c t  r e f l ec t ion  t r a c e s  i n  topside ionograms. 

mode) , and X = 1 + Y ( Z  mode). An i n f i n i t y  occurs i n  p a t  
X = (1 - Y2)/[1 - Y2 cos2 e ]  ( Z  Y >l). 
Both the  zeros and i n f i n i t i e s  i n  p result i n  i n f i n i t i e s  i n  p ' .  It should 
be noted that  the i n f i n i t y  i n  p' associated with X = ( l - p ) / [ l - Y z  cos2 e ]  
i s  not a wave r e f l e c t i o n  condition as a r e  the  other  i n f i n i t i e s .  

exhib i t  d i scon t inu i t i e s  a t  
p' 
t h a t  t he  following re la t ionships  obtain:  

I 

mode f o r  Y < 1 and ordinary mode f o r  

For t h e  extraordinary mode when Y > 1 (i .e. , t h e  Z mode) , p and p 1  
~ 

I 
X = 1 f o r  0 = 0 ( longi tudina l  propagation),  and 

It can be shown ( r e f .  3) e x h i b i t s  a maximum a t  X = 1 f o r  other angles .  

I The va r i a t ions  of 1' vs.  X f o r  d i f f e ren t  values of Y and 8 ,  p lo t t ed  
on a r ec ip roca l  sca le  t o  exhib i t  t he  i n f i n i t i e s ,  a r e  shown i n  f igures  2 
through 113. 

through 113 are p l o t s  of p 1  vs .  X f o r  f ixed Y, var iab le  0 .  

Table I contains a key t o  the order of these  f igu res .  Figures 2 
t through 66 are p l o t s  of p 1  vs .  X f o r  f ixed 8 ,  var iab le  Y. Figures 67 

=(.-+- 1/2 
f o r  x > 1, e = o0 

f o r  x > 1, e = o0 
2(1 " I  4- Y)2 

, 
TABLES OF p AND p'. 

For t h e  reader  who requi res  g rea t e r  accuracy than i s  obtainable from 
f igu res  1 through 113, tabula t ions  of 

include 
independent va r i ab le s  are : 

p and p '  may be obtained by mailing 
, t h e  request  card i n  the  back of t h i s  repor t .  The tabulated quan t i t i e s  

The range and increments of t he  I 1  
po2, p,2, p0, p,, So, S, and R .  

X o(0 .1 ) l . g  + Y f o r  Y 5 1 
0(0.1)10 f o r  Y > 1 

Y 0(0.1)5 

e oo(ioo)goo and 15', 4 5 O ,  75' 

5 



When values of X o r  Y other than these a r e  encountered, it i s  s u f f i -  
c i e n t ,  for most purposes, t o  interpolate  between t h e  tabulated r e s u l t s .  
Interpolat ion f o r  values of 8 other than those given may not be suf f ic ien t ly  
accurate ,  however. A Fortran I V  l i s t i n g  of  a program t o  compute t h e  phase 
and group r e f r a c t i v e  indices f o r  any 8 and f o r  the  X and Y i n t e r v a l s  and 
increments mentioned above i s  given i n  t a b l e  11. 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett F ie ld ,  Calif . ,  94035, Jan. 5 ,  1968 
188 - 39-01-01-00-21 
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TABU I.- INDEX TO FIGURES 

Figure I Mode 
~ 

2-14 
15-27 
28-40 
41-53 

67-76 
77-86 
87-94 
95-105 
106-113 

54-66 

X 
Z 
Z 
0 
0 
X 
z 
Z 
0 
0 

Range of Y I Range of 8, deg 
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TABU 11.- COMPUTATION OF GROUP AND PHASE REFTUCTIVE INDEX 

1 
1 
5 
4 
5 
b 
7  
8 
9 

10 
1 1  
1 2  
15 
1 4  
13 
1 6  
1 7  
l h  
1 Y  
LO 
21 
L L  
11, 
14 
13 
Lb 
L l  
i H  
2 9  
3 0  
31 
31 
3 3  

3 4  
3 5  
36 
3 /  

3 8  
39 
4 u  
[t 1 
' t l  

1 t 3  

4 4 
4 5  
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i u x  = ( 2 . U  + Y) ; : l0 .u  + 1.0 
bU T U  1 7  

16 NX = 101 
17 W R I T t ( 6 7 1 8 )  
1 8  FUk? lAT(  l H 1 , 4 0 X 7 4 7 H C L M P U T A T I O h  OF L R O U P  AND P H A S E  R E F R A C T I V E  I I u D E X )  

w k I T E ( 6 7 1 4 )  THET&,Y 

46  
47 
4 8  
49 
5 0  
5 1  
5 2  
53 
5 4  
55 
5 6  
5 7  
5 8  
5 Y  
6 0  
61 
6 2  
6 3  
6 4 

6 6  
6 7 
0 8  
6 9  
7u 
7 1  
7 2  
73 
74  
75 
7 6  
77 
18  
79 
8 0  
8 1  
d l  
b j  
b 4  
a5 
a6 
a7 
titi 
89 
4 0  

6 9  
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9 1  
9 1  
93 
9 4  
Y5 
Y b  
Y 7 
'311 
YY 

1 0  (J 

1 U l  
101 
1 U3 
1 0 4  
1 U5 
1 U 6  
107 
1u8 
1 UY 
110 
111 
1 1 2  
113 
1 1 4  
1 1 5  
116 
1 1 7  
1 1 8  
1 l Y  
1 2 0  
1d1 
121 
1 2 3  
1 2 4  
1 2 5  
126 
117 
1 2 8  
11y 
1 3 0  
1 5 1  
1 3 1  
1 3 3  
1 3 4  
1 5 5  
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C S U B K U U T I N E  T O  C O I i P U T E  R E F R A C T I V E  I N D E X  F O R  X A K O U i l D  l - Y , l , l + Y  
C 

S U E R U U T I h E  I N T E K M ( X 1 )  
U 11'1 E I\i S 1 O N  T K ( 1 00 1 9 X X ( 10 0 ) T S X ( 1 00 ) 

TMU XSL! ( 100 , TI.iU0 P ( 100 ) , TMUX P ( 1 0 0  ) 
T S 0 ( 1 00 ) T PiU 0 S I-i ( 1 0 0 ) 

7 

CUM i.1 Ui\1/ C 014 I N P / C , S Y T HE T A 
C UILlbibN /CUMOUT / N , A, X X , T S 0 T S X , T I ~ I U  O S  0 ,  TMU XSU , T X U  0 P , Ti4U X P , T K 
I F ( X l . L E . 0 . 0 )  R E T U R N  

uu 10 L = Z , l 0  
I L = i  

X = ( T i - l . U ) ; i : O . O l  + ( X 1 - 0 . 1 )  
I F ( X . L T . 0 . O )  R E T U R N  
R =  S O R T (  ( Y a S > k S ) * % 2  + ( 2 , 0 S C ~ ( ( 1 , 0 - X ) ) : i : S Z )  
C A L L  U R D  ( X , Y  ,K, S 0 , K M U O S W ~  R N U O P )  
C d  L L E XOKD ( X Y , K S X R i*iU XS 0 KI4U X P ) 
IN = i V + 1  
T K ( N )  = R 
x x  (IN 1 = x 
T S U I N ) =  S O  
T S X ( I \ I ) =  S X  
TPiUUSW ( N 1 = Kl.iUOSO 
T i " \ U X S W ( N )  = RMUXSW 
T i v l U O P ( N  = RMUOP 
TI4UXP ( N  = RMUXP 

10 C O N T I l u U E  
K E  TUKN 
END 

C * W  X V A R I E S  111 S T E P  O F  0.01 

- .  

156 
1 3  I 
1 5 8  
1 3 Y  
140 
141 
142 
143 
144 
145 

147 
148 
149 
150 
i 5 1  
1 5 2  
153 
154 
152 
1 5 6  
1 5 7  
1 3 8  
15y 
1 6 U  
1 6 1  
1 6 2  
163 
1 b 4  
i 65 
166 
Lo I 
1 0 8  
I 6 V  
1 /0 
1 7 1 
1 7 2  
1 7 3  
114 
1 1 5  
1 1 6  
1 ( I  
1 7 n 
i 7 9  
l:,O 

1 4 6  
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C A L L 
I\ =N+ 1 
T R ( N )  = K 
X X ( N )  = X 
T S O ( I \ i ) =  SO 
T S X ( N ) =  S X  
TWUDSI) (N)  = KFiUOSO 

TivlUUP ( t q )  = KMUOP 
T M U X P ( N )  = RPiUXP 

K E T U K N  
E N 0  

E X O  K D ( X Y K S X 9 K MU X S 0 7 K PIU X P ) 

T M U X S O ( N )  = RibIUXSO 

10 C O N T I N U E  

C S U B K O U T I N E  TO COMPUTE T H E  O K D I N A K Y  WAVE t iKOUP AND P H A S E  K E F K H C T I V E  
C I N D E X  ( M U O P K I  A N 0  MUO) 
C 
C X = ( F I \ I / F ) S U  
C Y = F H / F  
C T H E T A  = ANGLE T H E T A  I N  OEGKEES 
C M U 0  = PHASE K E F K A C T I V E  I N D E X  
C k i U U P K I  = GRUUP K E F K A C T I V E  I N D E X  
C 

S U BKUU T I N E 
RE A L 
C U MM DN / C 0 1-1 I N P / C 7 S 

S U 1 = Y  Xc ( l.O+C*:C ;li ( 1 . (J -2 .0  jlc X ) ) +K 

OK D ( X 7 Y 7 K 9 S 0 MU 0 S 0 , MU 0 P K I 1 
MU 0 1, MU 0 2 9 MU 0 S 0 9 MU 0 7 MU 0 P P 1 9 biU O P P 2 9 MU 0 P K I 

Y THE T A 
I F  ( THETA.EQ.0.0.AND. X. ti€. 0 .99999 .AND.X .  LE. 1.00001) GO TU 3 Y  

~ u ~ = y a ~ : r + ~  + n 
so  = s o 1 / s o 2  

h U O 2 =  so1 

I F  ( l ~UUSO.LE.0 .0 .OK.ABS ( FtUOSW) . L T  - 1  . 0 E - 5 )  GO T U  40 

p iUU1= Y*(1 .O+c:k : l :2 )  + K 

ruu  sw = ( 1.0-x >li ( IWJ 1 /biuui! 

FIUU = S W K T ( M U 0 S U )  
P I U U P P l -  ( l . O - X ) - L  (Y;: :S+S)h\(  l . O + X )  ) / K  
I . I U U P P ~ =  (y>kC>:cC;kX)/(  SO;::~:;2;::(yi:S8;:;2+K)) 
I.IUUPKI = I 1 . 0 - r i u u P P 2 ; : ; i w o p p i  ) /Fiuo 
K t T U K i V  

39 su = 1.0 
40 MUUSU = 0.0 

I Y U O P K I  -10000.0 
KETUKiU 

1 8 1  
1 bZ  
183 
184  
185  
186 
1 8 7  
1 8 8  
1 8 Y  
190 
1411 
1 Y 2  
1y3 

1y4 
1y5 
1y6 

197  
1 Y b  
1 Y Y  
100 
L 01 
102 
L U3 
1u4 
L 05  
1u6 
L 0 7  
L U d  
2 09 
110 
L l l  
2 1  L 
113 
L 1 4 
115 
~ 1 6  
11/ 
2 1 8  
i l Y  
LL 0 
221 
112 
123 
Z L f t  
225 



C 
C 
C 
C 
C 
C 
C 
C. 
C 

S U B t i U U T I N E  T O  COI.iPUTE T H E  E X T R A O R D I N A R Y  WAVE GROUP AND P H A S E  
K E F K A C T I V E  I N D E X ( K U X P R 1  AND M U X )  

X = ( F N / F ) S W  
Y = F H / F  
T H k T A  = A N b L E  T H E T A  IN DEGREES 
N U X  = P H A S E  R E F R A C T I V E  I N D E X  
1.1 1.1 X P K I = I Ill !I E X G K Lll) P K E F K A C T 1 \j E 

1 0  

20  

25 

60  I F ( n B ~ ( 1 . 0 - Y ) . G E . U . 0 1 )  L O  TO 6 5  
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Figure 5 .- Varia t ion  of p' vs . X; Y = 0 - 0.9;  e = 20'. 
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Figure 7.- Varia t ion  of p’ vs. X; Y = 0 - 0.9; 8 = 40 . 
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Figure 8.- Var ia t ion  of p' vs .  X; Y = o - 0.9; e = 45 . 
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Figure 9.- Variation of p' vs. X; Y = 0 - 0.9; 8 = 50 . 
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Figure 11.- Variation of p' vs.  X; Y = 0 - 0.9; e = 70 . 
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Figure 12.- Varia t ion  of p' vs. X; Y = 0 - 0.9; 8 = 75 . 
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Figure 13.- Variation of p' vs. X; Y = o - 0.9;  8 = 80 . 
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Figure 27.- Variation of p' vs. X; Y = 0.1 - 1.0; 0 = 90'. 
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Figure 28.- Varia t ion  of p' vs. X; Y = 1.1 - 5.0; 8 = 0 
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Figure 29.- Variation of p' vs. X; Y = 1.1 - 5.0; 8 = 10 . 
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Figure 32.- Varia t ion  of p' vs. X; Y = 1.1 - 5.0; 8 = 30 
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Figure 35.- Var ia t ion  of p’ vs . X; Y = 1.1 - 5.0; 8 = 30 
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Figure 37.- Variation of p’ vs. X; Y = 1.1 - 5.0; 8 = 70 0 . 
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Figure 39 .- Varia t ion  of )I' vs . X; Y = 1.1 - 5 .O; 8 = 80'. 
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Figure 31.- Variation of p' vs. X; Y = 0 - 1.0; 8 = 73 . 



Figure '32.- Variat ion of p1 vs . X; Y = 0 - 1.0; 8 = 80'- 
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Figure 68 .- Variation of p' vs . X; Y = 0.1; e = 0' - 90'. 
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Figure 70.- Var ia t ion  of p1 vs. X; Y = 0 . 3 ;  8 = 0' - 90'. 
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Figure 71.- Variation of p' vs. X; Y = 0.4; 8 = 0' - 90'. 
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Figure 72.- Variation of p' vs. X; Y = 0.5; 0 = 0' - 90'. 
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Figure 73.- Variation of p' vs. X; Y = 0.6; 8 = 0' - 90'. 
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Figure 75.- Variation of p' vs. X; Y = 0.8; 8 = 0' - 90'. 
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Figure 82.- Variation of p' vs . X; Y = 0.6; e = OO - 90'. 
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Figure 88.- Variation of p1 vs . X; Y = 2.0;  8 = 0' - 90' 
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Figure 89.- Variation of p' vs. X; Y = 2.5; 8 = 0' - 90'. 
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Figure 96.- Variation of p1 vs . X; Y = 0.1; 8 = 0' - 90'. 
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Figure 98.- Var ia t ion  of p' vs. X; Y = 0.3 ;  8 = 0' - goo- 
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Figure 99.- Varia t ion  of p1 vs . X; Y = 0.4; 8 = 0' - 90'. 



Figure 100.- Variation of CL’ vs . X; Y = 0.5; 0 = 0’ - 90’. 
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Figure 103.- Var i a t ion  of p' vs .  X; Y = 0.8;  0 = 0' - 90'. 
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Figure 104 .- Variation of p1 vs . X; Y = 0.9; 0 = 0' - 90' 
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Figure 107.- Variation of p' vs. X; Y = 2.0; 8 = 0' - 90'. 
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